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Abstract
A graph G is called quasi-claw-free if it satis/es the property: d(x; y) = 2 ⇒ there exists
u∈N (x) ∩ N (y) such that N [u] ⊆ N [x] ∪ N [y]. Let G be a 3-connected quasi-claw-free graph
of order n. If 	(G)¿ (n+ 5)=5, then G is hamiltonian.
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1. Introduction
We consider only /nite undirected graphs without loops and multiple edges. For
terminology, notation and concepts not de/ned here see [2]. If S ⊆ V (G), then N (S)
denotes the neighbors of S, that is, the set of all vertices in G adjacent to at least one
vertex in S. For a subgraph H of G and S ⊆ V (G)−V (H), let NH (S) = N (S)∩V (H)
and |NH (S)| = dH (S). If S = {s}, then NH (S) and |NH (S)| are written as NH (s) and
dH (s) respectively. If S = {s} and H = G, then NH (S) and |NH (S)| are written as
N (s) and d(s) respectively and N [s] is de/ned as N (s) ∪ {s}. For any two distinct
vertices x and y in a graph G, d(x; y) denotes the distance in G from x and y. A
graph G is called claw-free if it contains no induced subgraph isomorphic to K1;3. The
concept of quasi-claw-free graphs was introduced by Ainouche [1]. A graph G is called
quasi-claw-free if it satis/es the property: d(x; y) = 2 ⇒ there exists u∈N (x) ∩ N (y)
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such that N [u] ⊆ N [x] ∪ N [y]. Obviously, every claw-free graph is quasi-claw-free. If
C is a cycle in G, let
→
C denote the cycle C with a given orientation. For u, v ∈C, let
→
C[u; v] denote the consecutive vertices on C from u to v in the direction speci/ed by
→
C . The same vertices, in reverse order, are given by
←
C[v; u]. Both
→
C[u; v] and
←
C[v; u]
are considered as paths and vertex sets. If u is on C, then the predecessor, successor,
next predecessor and next successor of u along the orientation of C are denoted by
u−, u+, u−− and u++, respectively.
Ainouche [1] extended a variety of results, in particular, hamiltonian results on
claw-free graphs to quasi-claw-free graphs. The objective of this paper is to extend
the following hamiltonian result on claw-free graphs, which was obtained by Mingchu
Li [4], to quasi-claw-free graphs.
Theorem 1 (Mingchu Li [4]). Let G be a 3-connected claw-free graph of order n. If
	(G)¿ (n+ 5)=5, then G is hamiltonian.
The main result of this paper is the following Theorem 2, the proof of which is
given in Section 3.
Theorem 2. Let G be a 3-connected quasi-claw-free graph of order n. If 	(G)¿
(n+ 5)=5, then G is hamiltonian.
The ideas and proof techniques exhibited by Mingchu Li [4] are adopted in the
proof of Theorem 2. Three known results are also needed in the proof of Theorem 2.
The /rst one is derived from Lemma 2 and the proof of Theorem 3 in Section 4 of
Ainouche’s paper [1], the second one follows directly from Theorem 2 in Section 4
of Ainouche’s paper [1], and the last one is a result obtained by Jung [3], all of them
are stated as lemmas in Section 2.
2. Lemmas
Lemma 1 (Ainouche [1]). Let G be a connected quasi-claw-free nonhamiltonian
graph of order n and let C be a longest cycle in G. Then u−u+ ∈E for every vertex
u of C that has neighbors in V (G)\V (C).
Lemma 2 (Ainouche [1]). Let G be a 2-connected quasi-claw-free nonhamiltonian
graph of order n and let C be a longest cycle in G. Assume that H is a connected
component of G[V (G)\V (C)]. Then there exists an independent set I with cardinal-
ity |NC(H)| + 1 in G such that N (x) ∩ N (y) = ∅ for any pair of distinct vertices x,
y in I .
Lemma 3 (Jung [3]). Let G be a 3-connected nonhamiltonian graph of order n and
let C be a longest cycle in G. Assume that H is a connected component of G[V (G)\
V (C)]. If H is not hamilton-connected, then |V (C)|¿ 4	(G)− 5.
R. Li /Discrete Mathematics 265 (2003) 393–399 395
3. Proof of Theorem 2
Proof of Theorem 2. Let G be a 3-connected quasi-claw-free nonhamiltonian graph
satisfying the conditions in Theorem 2. Assume that C = (c1c2 : : : cmc1) is a longest
cycle in G and H is a connected component of G[V (G)\V (C)]. It is also assumed that
c1; c2; : : : ; cm are labeled in the order of the direction of C. Let I be the independent
set mentioned in Lemma 2. Then one has that
∑
v∈I
d(v)6 n− |NC(H)| − 1;
which implies that (1 + |NC(H)|)	6 n − |NC(H)| − 1, and so |NC(H)|(	 + 1) 6
n − 	 − 1. Thus |NC(H)|6 4 − 10=(	 + 1). Since G is 3-connected, |NC(H)|¿ 3.
Therefore |NC(H)| = 3. Inserting |NC(H)| = 3 in the above inequality and solving it,
one has that 	¿ 9. Choose one vertex u in H . Then |H |¿dH (u) + 1¿d(u) − 3 +
1¿ 	 − 2¿ 7. Let NC(H) = {ci; cj; cl}, (i¡ j¡l). Then there exist three distinct
vertices xi, xj, and xl in H such that cixi, cjxj, and clxl are in E.
Claim 1.
(1) c−i c
+
i ∈E, c−j c+j ∈E, c−l c+l ∈E.
(2) N (c−i )∩{c−−j ; c−j ; cj; c−−l ; c−l ; cl}=∅, N (c+i )∩{cj; c+j ; c++j ; cl; c+l ; c++l }=∅, N (ci)∩
{c−−j ; c++j ; c−−l ; c++l }= ∅.
(3) N (c−j )∩{c−−l ; c−l ; cl; c−−i ; c−i ; ci}=∅, N (c+j )∩{cl; c+l ; c++l ; ci; c+i ; c++i }=∅, N (cj)∩
{c−−l ; c++l ; c−−i ; c++i }= ∅.
(4) N (c−l )∩{c−−i ; c−i ; ci; c−−j ; c−j ; cj}=∅, N (c+l )∩{ci; c+i ; c++i ; cj; c+j ; c++j }=∅, N (cl)∩
{c−−i ; c++i ; c−−j ; c++j }= ∅.
Proof of Claim 1. The statements in (1) follow from Lemma 1. The statements in (2),
(3), and (4) follow from the fact that C is a longest cycle in G.
Claim 2. H is hamilton-connected.
Proof of Claim 2. Suppose, to the contrary, that H is not hamilton-connected. From
Lemma 3, |V (C)|¿ 4	 − 5. Thus |H |6 n − |V (C)|6 	. Therefore, for each ver-
tex in H , 2dH (x)¿ 2(d(x) − 3)¿ 2	 − 6¿ 	 + 1¿ |H | + 1. This implies that H is
hamilton-connected, a contradiction.
Therefore for any two vertices x and y of H there exists a hamilton path, denoted
xHy, in H . Since C is a longest cycle of G and H is hamilton-connected, one has that
→
C[c++i ; c
−−
j ]¿ |H |,
→
C[c++j ; c
−−
l ]¿ |H |, and
→
C[c++l ; c
−−
i ]¿ |H |.
Claim 3. G[V (G)\V (C)] has a unique component H .
Proof of Claim 3. Suppose, to the contrary, that G[V (G)\V (C)] has at least two
components. Let H1 be a component of G[V (G)\V (C)] which is diJerent from H .
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Using an argument similar to the one just given, replacing H by H1, one has that
|H1|¿ 	−2. Therefore n¿ |H |+|H1|+|→C[c++i ; c−−j ]|+|
→
C[c++j ; c
−−
l ]|+|
→
C[c++l ; c
−−
i ]|+
|{c−i ; ci; c+i ; c−j ; cj; c+j ; c−l ; cl; c+l }|¿ 5(	− 2) + 9 = 5	− 1, a contradiction.
Let A={ci; cj; cl}, T1=→C[c+i ; c−j ], T2=
→
C[c+j ; c
−
l ], and T3=
→
C[c+l ; c
−
i ]. The remainder
of this proof is divided into two cases.
Case 1: There exists a vertex in A, say ci, such that NC(ci)\{c+i ; c−i ; cj; cl} = ∅.
Claim 4. Let ce be any vertex in NC(ci)\{c+i ; c−i ; cj; cl}. Then ce is not in T2.
Proof of Claim 4. Suppose, to the contrary, that ce is in T2. From the hamilton-connec-
tedness of H , it can easily be seen that |→C[c++j ; c−e ]|¿ |H | and |
→
C[c+e ; c
−−
l ]|¿ |H |,
otherwise there exists a longer cycle than C in G. Thus n¿ 5|H | + |{c−i ; ci; c+i ; c−j ;
cj; c+j ; c
−
l ; cl; c
+
l ; ce}|¿ 5	, a contradiction.
Therefore (NC(ci)\{c−i ; c+i ; cj; cl})∩(T1∪T3) = ∅. Without loss of generality, assume
that (NC(ci)\{c−i ; c+i ; cj; cl}) ∩ T1 = ∅. Let cp be the last neighbor of ci on T1 =→
C[c+i ; c
−
j ].
Claim 5. c−i cp is in E.
Proof of Claim 5. If cp = c+i , then c
−
i cp is in E. Now assume that cp = c+i . Obvi-
ously, d(c−i ; xi) = 2. Since G is quasi-claw-free, there exists a vertex u in G such that
u∈N (c−i )∩N (xi) and N [u] ⊆ N [c−i ]∪N [xi]. Clearly, u ∈ V (H)∪{cj; cl}. This implies
that u= ci and thus c−i cp ∈E since cp ∈ N (xi).
Claim 6. N (c−p ) ∩ T2 = ∅.
Proof of Claim 6. Suppose, to the contrary, that N (c−p )∩T2 = ∅. Choose a vertex, say
ct , in N (c−p ) ∩ T2. Since the cycle C is not shorter than the cycle
xici
→
C[cp; ct]
←
C[c−p ; c
+
i ]
←
C[c−i ; c
+
l ]c
−
l clxlHxi
in G, so that |→C[c+t ; c−−l ]|¿ |H |. Since the cycle C is not shorter than the cycle
xjcjc+j
←
C[c−j ; cp]
←
C[c−i ; ct]
←
C[c−p ; ci]xiHxj
in G, one has that |→C[c++j ; c−t ]|¿ |H |. Therefore n¿ 5|H |+ |{c−i ; ci; c+i ; c−j ; cj; c+j ; c−l ;
cl; c+l ; ct}|¿ 5	, a contradiction.
Let ca be the /rst neighbor of c−p on
→
C[c+l ; c
−
i ] and cb the last neighbor of c
−
p on
→
C[c+i ; c
−
j ]. Then |
→
C[ca; cb]|¿ |N (c−p )\{cj; cl}|+ 1¿ 	− 1.
Since the cycle C is not shorter than the cycle
xici
→
C[cp; cb]
←
C[c−p ; c
+
i ]
←
C[c−i ; c
+
j ]c
−
j cjxjHxi
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in G, one has that |→C[c+b ; c−−j ]|¿ |H |. Since the cycle C is not shorter than
xi
→
C[ci; c−p ]
→
C[ca; c−i ]
→
C[cp; c−l ]c
+
l clxlHxi
in G, one has that |→C[c++l ; c−a ]|¿ |H |.
Therefore n¿ |→C[ca; cb]|+ 4|H |+ |{c−j ; cj; c+j ; c−l ; cl; c+l }|¿ 5	− 3, a contradiction.
Thus Theorem 2 is proved for Case 1.
Case 2: Every vertex ck satis/es NC(ck)\({c+k ; c−k } ∪ A) = ∅, where k = i, j, l.
Claim 7. N (c+i ) ∩ T2 = ∅.
Proof of Claim 7. Suppose, to the contrary, that N (c+i ) ∩ T2 = ∅. Let cd be the /rst
and ca the last vertices in N (c+i ) ∩
→
C[c+j ; c
−
l ]. Since the cycle C is not shorter than
the cycle
xi
←
C[ci; cd]
→
C[c+i ; c
−
j ]c
+
j cjxjHxi
in G, one has that |→C[c++j ; c−d ]|¿ |H |. Let cp be the /rst vertex in N (c+i )∩
→
C[c+l ; c
−
i ]
and cb the last vertex in N (c+i ) ∩
→
C[c+i ; c
−
j ]. Since the cycle C is not shorter than the
cycle
xi
←
C[ci; cp]
→
C[c+i ; c
−
l ]c
+
l clxlHxi
in G, one has that |→C[c++l ; c−p ]|¿ |H |.
Next it is proved that |→C[c+b ; c−−j ]| + |
→
C[c+a ; c
−−
l ]|¿ |H |. Obviously, d(ci; ca) = 2.
Since G is quasi-claw-free, there exists a vertex u in G such that u∈N (ci) ∩ N (ca)
and N [u] ⊆ N [ci] ∪ N [ca]. Since N (ca) ∩ (V (H) ∪ {cj; cl}) = ∅, one has that either
u= c−i or u= c
+
i .
If u= c−i , then c
−
i ca is in E. Since the cycle C is not shorter than the cycle
xi
→
C[ci; ca]
←
C[c−i ; c
+
l ]c
−
l clxlHxi
in G, one has that |→C[c+a ; c−−l ]|¿ |H |. Therefore |
→
C[c+b ; c
−−
j ]|+ |
→
C[c+a ; c
−−
l ]|¿ |H |.
If u = c+i , then from cb ∈ N [ci] one has that cb ∈N [ca]. Since the cycle C is not
shorter than the cycle
xjcjc−j
→
C[c+j ; ca]
←
C[cb; c+l ]c
−
l clxlHxj
in G, one has that |→C[c+b ; c−−j ]|+ |
→
C[c+a ; c
−−
l ]|¿ |H |.
Therefore n¿ |→C[cp; cb]∪→C[cd; ca]|+ 4|H |+ |{c−j ; cj; c+j ; c−l ; cl; c+l }|¿d(c+i ) + 1+
4(	− 2) + 6¿ 5	− 1, a contradiction.
Claim 8. N (c+i ) ∩ (T3 \{c−i }) = ∅.
Proof of Claim 8. Suppose, to the contrary, that N (c+i ) ∩ (T3\{c−i }) = ∅. Let cp be
the /rst vertex in N (c+i ) ∩ (T3 \{c−i }) and ca the last vertex in N (c+i ) ∩ (T3 \{c−i }).
Also let cb be the last vertex in N (c+i ) ∩
→
C[c+i ; c
−
j ].
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Next it is proved that |→C[c+a ; c−−i ]| + |
→
C[c+b ; c
−−
j ]|¿ |H |. Obviously, d(ci; cb) = 2.
Since G is quasi-claw-free, there exists a vertex u in G such that u∈N (ci) ∩ N (cb)
and N [u] ⊆ N [ci]∪N [cb]. Also since N (cb)∩ (V (H)∪{cj; cl})=∅, one has that either
u= c−i or u= c
+
i .
If u= c−i , then c
−
i ∈N (cb). Since the cycle C is not shorter than the cycle
xicic−i
←
C[cb; c+i ]
←
C[ca; c+j ]c
−
j cjxjHxi
in G, one has that |→C[c+a ; c−−i ]|+ |
→
C[c+b ; c
−−
j ]|¿ |H |.
If u = c+i , then from ca ∈ N [ci] one has that ca ∈N (cb). Since the cycle C is not
shorter than the cycle
xicic−i
→
C[c+i ; cb]
←
C[ca; c+j ]c
−
j cjxjHxi
in G, one has that |→C[c+a ; c−−i ]|+ |
→
C[c+b ; c
−−
j ]|¿ |H |.
Therefore n¿ |→C[c+a ; c−−i ]|+|
→
C[c+b ; c
−−
j ]|+|
→
C[cp; ca]∪→C[c−i ; cb]|+3|H |+|{c−j ; cj; c+j ;
c−l ; cl; c
+
l }|¿ 4|H |+ d(c+i ) + 1 + 6¿ 5	− 1, a contradiction.
From Claims 7 and 8, one has that N (c+i )\{c−i ; ci} ⊆ T1. Similarly,
(N (c+i )\{c−i ; ci}) ∪ (N (c−j )\{c+j ; cj}) ⊆ T1;
(N (c+j )\{c−j ; cj}) ∪ (N (c−l )\{c+l ; cl}) ⊆ T2;
(N (c+l )\{c−l ; cl}) ∪ (N (c−i )\{c+i ; ci}) ⊆ T3:
Set S1 =
→
C[c++i ; c
−−
j ], S2 =
→
C[c++j ; c
−−
l ], and S3 =
→
C[c++l ; c
−−
i ]. Since G is 3-
connected, G\{c+i ; c−j } is connected, thus N (S1) ∩ (S2 ∪ S3) = ∅. Without loss of
generality, assume that N (S1)∩ S2 = ∅. Let ca ∈ S1 and cb ∈ S2 such that cacb is in E.
Claim 9. There exists a path P1 = P1[c−j ; ca] between c
−
j and ca such that (N (c
+
i )\
{c−i ; ci}) ∪ {c+i } ⊆ V (P1) ⊆ T1.
Proof of Claim 9. First it is assumed that N (c+i ) ∩
→
C[c+a ; c
−
j ] = ∅. Let cs be the /rst
neighbor of c+i on
→
C[c+a ; c
−
j ]. Then the path
←
C[c−j ; cs]
→
C[c+i ; ca] is a desired one.
If N (c+i ) ∩
→
C[c+a ; c
−
j ] = ∅, then N (c−j ) ∩
→
C[c+i ; c
−
a ] = ∅. Otherwise one has that
|T1|=|→C[c+i ; ca]|+|
→
C[ca; c−j ]|−|{ca}|¿ |(N (c+i )\{c−i ; ci})∪{c+i }|+|(N (c−j )\{cj; c+j })∪
{c−j }| − 1 = d(c+i ) + d(c−j ) − 3¿ 2	 − 3. Therefore n¿ |T1| + 3|H | + |{cj; c+j ; c−l ;
cl; c+l ; c
−
i ; ci}|¿ 2	− 3 + 3(	− 2) + 7 = 5	− 2, a contradiction.
Let ct be the /rst neighbor of c−j on
→
C[c+i ; c
−
a ]. Then N (c
+
i ) ∩
→
C[c+t ; ca] = ∅.
Otherwise a similar argument as before yields |T1|¿ 2	 − 3 and again a contra-
diction is reached. Let cr be the /rst neighbor of c+i on
→
C[c+t ; ca]. Then the path
c−j
←
C[ct ; c+i ]
→
C[cr; ca] is a desired one.
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Symmetrically, one can prove that the following Claim 10 is true.
Claim 10. There exists a path P2 = P2[c−l ; cb] between c
−
l and cb such that (N (c
+
j )\
{c−j ; cj}) ∪ {c+j } ⊆ V (P2) ⊆ T2.
Since the cycle C is not shorter than the cycle
xjcjP1[c−j ; ca]
←
P2[cb; c−l ]
→
C[cl; ci]xiHxj
in G, where
←
P2[cb; c−l ] denotes the reversal of the path P2[c
−
l ; cb], one has that |T1|+
|T2| = |V (C)| − |T3| − 3¿ |V (P1)| + |V (P2)| + |T3| + |{ci; cj; cl}| + |H | − |T3| −
3¿d(c+i ) + d(c
+
j ) + |H | − 2¿ 2	 + |H | − 2. Therefore n¿ |T1| + |T2| + 2|H | +
|{cj; cl; c+l ; c−i ; ci}|¿ 2	 + 3(	 − 2) + 3 = 5	 − 3, a contradiction. Thus Theorem 2 is
proved for Case 2.
The combination of Cases 1 and 2 shows that the proof of Theorem 2 is complete.
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